2. YCoherence and Dutch book /20 {otal points/) On 2 Apr 2001 a senior writer for the web
- Sportsline.com, Mark Soltau, posted an article about the Masters golf tournament
that Was about to be held on 5-8 Apr 2001. Among other things he identified the 24
players . the 93 golfers in the field) who were, in his view, most likely to win the
tournamenx, and he posted odds against each of them winning (for example, his guoting
of 10-1 odds *qn Phil Mickelson meant that his personal probability that Mickelson /would
=4).091), which are summarized in Table 77 below. ‘

wirn was 1+]0

(a) If the 24 odds duoted by Mr. Soltau were taken literally, show that the D ‘sonal prob-
ability 'SpE‘(‘lﬁC&tlDﬂ n by his posted odds was incoherent. (In fact ¥r. Soltan may
well have heen quotmg tin-normalized odds, which is a [airly COMMOn . Tactice in sporis,
but let’s take him htexally' 1 this part of the problem.) /5 points/

(b) It would be nice to demonstrate Mr. Soltau’s incoherence by explicitly providing a set
of bets that would be guarantee 5 lose him money, but that’s actually fairly complicated
(hint for the previous part of this ghestion: that’s not what T had in mind for you to do
in {a)). To take a simpler example that™jas the same favor as Mr. Soltau’s mistake (if his
odds are taken literally), pretend that he's'h ndicagfﬁi/ng {setting odds for) a tournament in
which only Tiger Woods, Phil Mickelson, and L_‘/e other unnamed golfers are playing, and
he announces 3 to 1 odds in faver of Woods<viniigg and 1 to 1 odds in favor of Mickelson
(again without specifying any odds {ot(% other go)fx)ﬁ\ (To be clear on the relationship
between odds and money, here’s how.it works in horse-tacing (and Mr. Solau would have
to play by the same rules): suppede that a bookie at the™horse track offers odds of 4 to
1 against horse A, and I bet (sdy) $1 on that horse to win; ifMorse A wins I enjoy a net
gain of $4, otherwise T suffef a net loss of $1.) Work out an ex] Qgt get of bets to offer
Mr. Secltau that would eg6nstitute a Dutch book against him. If MiSoltau were willing

. 3}()11 re not allowed to construct a wagez f1ike {$v: on Woods to win and $men
Mickefson to lose}. Can you make Dutch book against.M: . dthose condltlo?%%\
= bricfly. /5 points)—eee===" - T

3. (Bayes’ Theorem; based on problem 7 in chapter 1 of Gelman et al. /20 total pomts/ R
the old television game show Let’s Make a Deal, there are three doors; behind one of the
doors is a car, and behind the other two are goats, with the assignment of prizes to doors
made at random. You — the contestant, who prefers cars to goats — are asked to pick a
door. After you choose {of course you can do no better than picking at random), the emcee,
Monte Hall, who knows where the car is, opens one of the other doors to reveal a goat,
and he offers you the choice of staying with the door you originally picked or switching to
the other unopened door. Suppose that Monte Hall uses the following algorithm to decide
which door to reveal to you after you've chosen (say) door 1. I the car is behind door 2 he
shows you door 3; if it’s behind door 3 he shows you door 2; and if it’s behind door 1 he
randomizes between showing you doors 2 and 3 with equal probability. Should you switch
or stay with your original choice?

(a) Explicitly use Bayes’ Theorem to work out the chance of winning the car under each
strategy. [10 points/

(b) How would you explain intuitively to someone who favors the inferior strategy why the
other one is better? [1 points/




4. (Conditional probability, and review of the normal distribution; based on problem 4
in chapter 1 of Gelman et al. /20 fotal points/) (American) football (not soccer) experts
ovide a point spread (PS) for every football game as a measure of the difference iilézihty

1 B,
v 4 or
more points is conmdered a fan: bet ie P(A wins by more than 3.5 pomts) é If the

as it is to wi by fewer pomts than the PS (or to lose) there is a pocsltlve probablhty that
A will win by exactly the PS, in which case neither side is paid off. i Chapter 1 Gelman
et al. present data.on the PS and actual game outcome for 672 prgfessmnal foothall games
played during the 7981 and 198384 seasons, and they cJqow fhat the histogram of the
quantity (actual outcode — PS) is well approximated by a normal distribution with mean
0.07 and standard deviation (SD) 13.86, suggesting that B good predictive distribution for
the actual result of an NFL foothall game would be norfial with mean equal to the PS and
SD 14 points (two touchdownsh (If you're in the habit of betting on NFL games this should
give you pause, e.g., if a team is favored by a touéfldown the chance it will win, accerding
to this uncertainty assessment, is ondy about 69% ) It turns out that there were 12 games
in this data base with PS values of 8 p mts, “and the actual outcomes in those games were
-7,-5,-3,-3,1,6,7, 13, 15, 16, 20, and 2|, with positive (negative) values indicating wins
by the favorite (underdog} Con51de1 Lhe fo lowing conditional probabilities:

P(favorite wins|PS = 8) \'\\
P({favorite wins by at :fl,{éxgst 8PS = 8) N

(a} Estimate eachthese using the relative frequencies of Lheﬁ es with an 8point PS.
15 points] «K\

{b) Estimate”

‘each using the normal approximation to the distribution bf\(\;:ﬂual oulcome
FS). ()

Ygu can use a normal table from any statistics book, or the error ction erf in

¥Which higse approaches to uncertainty assessment seermns to have produce ter
~smors here? How should we define “better”? Explain briefly. /5 points/

5. (Cromwell’s Rule and its implications for Bayesian learning /10 total points/} Prove the
following two facts: for any D such that P(D) > 0,

(a) If P(A) =0 then P{A|D)=0.
(b) If P(A} =1 then P(AD) = 1.

In the usual application of these facts (as in the HIV case study in class), A is a proposition
whose truth value is unknown to You (such as the HIV status of the patient} and D
represents some data relevant to A (such as the result of a screening test like ELISA); in
this setting (a) and {b) together are referred to as Cromwell’s Rule (I'll give the history
behind this in class). What are the implications of Cromwell’s Rule for the use of Bayes’
Theorem as a formal model for learning from data? Explain briefly.




